Abstract. We consider the support problem of Erdös in the context of l-adic representations of the absolute Galois group of a number field. Main applications of the results of the paper concern Galois cohomology of the Tate module of abelian varieties with real and complex multiplications, the algebraic K-theory groups of number fields and the integral homology of the general linear group of rings of integers. We answer the question of Corrales-Rodrigáñez and Schoof concerning the support problem for higher dimensional abelian varieties.
Introduction.
The support problem for G m was first stated by Pál Erdös who in 1988 raised the following question:
let Supp(m) denote the set of prime divisors of the integer m. Let x and y be two natural numbers. Are the following two statements equivalent ? (1) Supp(x n −1) = Supp(y n −1) for every n ∈ N,
This question, along with its extension to all number fields, and also its analogue for elliptic curves, were solved by Corrales-Rodrigáñez and Schoof in the paper [C-RS] .
Other related support problems can be found in [Ba] and [S] . In the present paper we investigate the support problem in the context of l-adic representations ρ l : G F → GL (T l ).
The precise description of the class of representations which are considered is rather technical. It is given by Assumptions I, II in sections 2 and 3, respectively. This class of representations contains powers of the cyclotomic character, Tate modules of abelian varieties of nondegenarate CM type, and also Tate modules of some abelian varieties with real multiplications (cf. Examples 3.3-3.7).
Consider the reduction map
for all v / ∈ S l , which is defined on the subgroup H 1 f,S l (G F ; T l ) of the Galois cohomology group H 1 (G F ; T l ) (see Definition 2.2). S l denotes here a finite set of primes which contains primes over l in F. Let B(F ) be a finitely generated abelian group such that for every l there is an injective homomorphism
Let P and Q be two nontorsion elements of B(F ). PutP = ψ F,l (P ⊗ 1) and Q = ψ F,l (Q ⊗ 1). Our main point of interest is the following support problem.
Support Problem.
Let P * be an infinite set of prime numbers. Assume that for every l ∈ P * the following condition holds in the group H 1 (g v ; T l ) :
for every integer m and for almost every v ∈ S l m r v (P ) = 0 implies m r v (Q) = 0.
How are the elements P and Q related in the group B(F ) ?
Main results. Let P * be the infinite set of prime numbers which we define precisely in section 4 of the paper. We prove the following theorem. Theorem A. [Th. 5.1] Assume that for every l ∈ P * , for every integer m and for almost every v ∈ S l the following condition holds in the group H 1 (g v ; T l ) :
m r v (P ) = 0 implies m r v (Q) = 0.
Then there exist a ∈ Z − {0} and f ∈ O E − {0} such that aP + f Q = 0 in B(F ).
Here O E denotes the ring of integers of the number field E associated with the representation ρ l (see Definition 3.2).
In order to prove Theorem A we investigate representations with special properties formulated in Assumption I and Assumption II. We introduce the notion of the Mordell-Weil O E -module for such representations. Proof of Theorem A is based on a careful study of reduction maps in Galois cohomology associated with the given l-adic representation satisfying Assumptions I and II. We managed to extend the method of [C-RS] to the context of such l-adic representations. The main point in the proof is to control the relation between arithmetical properties of the images of l-adic representations and reduction maps. Key theorems on the image of the representations are proved in the separate work cf. Theorem A and Theorem B of [BGK1] . In section 6 of the paper we derive the following corollaries of Theorem A. Theorem B. [Cor. 6.4] Let P, Q be two nontorsion elements of the algebraic K-theory group K 2n+1 (F ), where n is an even, positive integer. Assume that for almost every prime v of O F and every integer m the following condition holds in the group K 2n+1 (k v ) :
m r v (P ) = 0 implies m r v (Q) = 0, where in this case, r v is the map induced on the Quillen K-group by the reduction at v. Then the elements P and Q of K 2n+1 (F ) are linearly dependent over Z.
Note that Theorem B has already been proven by a different method in [BGK] .
Theorem A has the following corollary concerning the class of abelian varieties mentioned in the beginning of this Introduction.
Theorem C.
[Cor. 6.11] Let A be an abelian variety of dimension g ≥ 1, defined over the number field F and such that A satisfies one of the following conditions:
(1) A has the nondegenerate CM type with End F (A) ⊗ Q equal to a CM field E such that E H ⊂ F (cf. example 3.5) (2) A is simple, principally polarised with real multiplication by a totally real field E = End F (A) ⊗ Q such that E H ⊂ F and the field F is sufficiently large. We also assume that dim A = he, where e = [E : Q] and h is odd (cf. example 3.6) or A is simple, principally polarised such that End F (A) = Z and dim A is equal to 2 or 6 (cf. example 3.7 (b)). Let P, Q be two nontorsion elements of the group A(F ). Assume that for almost every prime v of O F and for every integer m the following condition holds in
Then there exist a ∈ Z − {0} and f ∈ O E − {0} such that aP + f Q = 0 in A(F ).
There are two important special cases of abelian varieties satisfying conditions of (2) of Theorem C: abelian varieties A with End F (A) = Z such that dim A is an odd integer [Se1] (cf. example 3.7 (b)) and abelian varieties with real multiplication by a totally real number field R1] (cf. example 3.7 (a)). Note that for these abelian varieties the analogues of the open image theorem of Serre have been proven [R1] and [Se1] . The proof of Theorem C relies on the analysis of the image of the corresponding Galois representation. The necessary information on the image of Galois representations on l-torsion points of abelian varieties from (1) and (2) of Theorem C is provided by Theorem 2.1 and Theorem 3.5 of [BGK1] . It is worth mentioning that Theorem C given above provides an answer to the question of Corrales-Rodrigáñez and Schoof about the support problem for higher dimensional abelian varieties [C-RS] , p. 277.
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Notation l is an odd prime number. F is a number field, O F its ring of integers.
is the ring of S−integers in F, for a finite set S of prime ideals in
is the Galois group of the maximal extension of F unramified outside S F v is the completion of F at v and k v denotes the residue field
is a representation unramified outside a fixed finite set S l of primes of O F , containing all primes over l.
. Let L/F be a finite extension and w a finite prime in L. To indicate that w is not over any prime in S l we will write w / ∈ S l , slightly abusing notation.
[H, H] denotes the commutator subgroup of an abstract group H. H i (G, M ) denotes Galois cohomology group of the G-module M.
2. l-adic Intermediate Jacobians.
Definition 2.1. Define
to be the kernel of the natural map:
where the direct limits are taken over all finite extensions L/F of the number field F, which are contained in some fixed algebraic closureF .
Remark 2.4. Observe that the groups
Remark 2.5. Note that we also could have defined the intermediate Jacobians of the module T l for the cohomology groups of G F,Σ for any Σ containing S l . However, if H 0 (g v ; A l (−1)) is finite for all v / ∈ S l , (as it often happens for interesting examples of T l ), then
In the sequel we will only consider l-adic representations which satisfy the following condition.
Assumption I. Assume that for each l, each finite extension L/F and any prime w of O L , such that w ∈ S l , we have
, where F r w ∈ g w denotes the arithmetic Frobenius at w.
Example 2.6. Let X be a smooth projective variety defined over a number field F with good reduction at primes v / ∈ S l . Let X be the regular, proper model of X over O F,S l and let X v be its reduction at the prime
) is torsion free for some i, j such that i = 2j we put 
we observe by (2.7) that the representation ρ l : G F → GL (T l ) is unramified outside S l . It follows by the theorem of Deligne [D1] (proof of the Weil conjectures, see also [Har] Appendix C, Th. 4.5) that for an ideal w of O L such that w ∈ S l , the eigenvalues of F r w on the vector space
are algebraic integers of the absolute value N (w) −i/2+j , where N (w) denotes the absolute norm of w. It follows that T F r w l = 0. In the special case when X = A is an abelian variety defined over F, we have
which is a free Z l module of rank
by [Mi2] Th. 15.1. In this paper, most of the time we will consider the representation
* of the abelian variety A defined over F , where for a Z l -module M, we put M * = Hom Z l (M ; Z l ). By the above discussion we see that ρ l satisfies Assumption I.
Lemma 2.8. For every prime w of O L which is not over primes in S l , we have:
Proof. First part of the lemma is obvious from the definition of H 1 f (G w ; T l ). The second part follows immediately from the first part and the diagram (2.9). Note that
To prove the third part consider consider again the diagram (2.9).
The horizontal rows are exact. The middle and the right vertical columns are also exact. The left bottom horizontal arrow is zero because I w acts on T l , V l and A l trivially by assumption. This gives the exactness of the following short exact sequence.
In addition because of Assumption I we have
Therefore the left upper and middle horizontal arrows are imbeddings. The right, upper horizontal arrow is defined because of the commutativity of the lower, right square in the diagram. The middle vertical column is the inflation restriction sequence. It is actually inverse limit on coefficients of the inflation-restriction sequence but it remains exact with infinite coefficients because we deal with H 1 . Now the claim follows by diagram chasing.
Remark 2.10. Observe that the Assumption I implies, that H 0 (g w ; A l ) and H 1 (g w ; T l ) are finite for all w ∈ S l . Lemma 2.11. For any finite extension L/F the following equalities hold.
Proof. The first equality follows from Lemma 2.8 and the exact sequence.
Consider the exact sequence (see [T] , p. 261):
Thus, the second equality in the statement of Lemma 2.11 also holds .
For w / ∈ S l consider the following commutative diagram (2.12)
The bottom horizontal arrow is obviously an injection. Hence, by Lemmas 2.8 and 2.11, we obtain the following:
Lemma 2.13. For any finite extension L/F and any prime w / ∈ S l in O L the natural map
is an imbedding.
Proposition 2.14. We have the following exact sequences
In particular
and the groups
Proof. Consider the following long exact sequence (see [T] 
Taking direct limits with respect to finite extensions L/F gives the following short exact sequence.
This short exact sequence fits into the following commutative diagram
The rows and columns of the diagram are exact. The exactness on the right of the bottom horizontal sequence follows from the injectivity of the top, nontrivial, horizontal arrow by Lemma 2.8.
Proposition 2.16. Let L be a finite extension of F. Then we have isomorphisms:
Proof. Under condition of Assumption I the proof of claim (1) is done in the same way as the proof of (4.1.1) of [BE] . To prove (2) take an arbitrary finite Galois extension L /L and consider the following commutative diagram.
The columns of this diagram are exact. The upper horizontal arrow is trivially an imbedding. The middle horizontal arrow is an isomorphism. This follows directly from claim (1) . Since the representation ρ l is unramified outside S l then using Th. 8. 1 and Cor. 8.3 Chap. I of [CF] and Kummer pairing we get the following commutative diagram (2.18)
Since L w /L w is a finite extension, the bottom horizontal arrow is induced by a nontrivial (hence injective) homomorphism of
Hence the bottom horizontal arrow in the diagram (2.18) is injective. So the bottom horizontal arrow in diagram (2.17) is also an imbedding. Now claim (2) follows by taking direct limits over L in diagram (2.17) and chasing the resulting diagram.
At the end of this section we give some additional information about the reduction map
Proof. Let M be a power of l which we will specify below. Let F M denote the extension F (A [M ] ). Consider the following commutative diagram.
(2.20)
The horizontal arrows in the diagram (2.20) are induced by the reduction maps. We describe the vertical map. The map h 2 is an injection (cf. Prop. 4.3 (1)). The map h 3 is the injection which comes from the long exact sequence in cohomology associated to the following exact sequence of G F M -modules:
The vertical maps on the right hand side of the diagram (2.20) are defined in the similar way. Consider the nontorsion elementP
) under the composition of the maps h 1 , h 2 , h 3 and h 4 . Since the maps h 1 , h 2 , h 3 and h 4 are injective, the element P is of order M 1 . By the Chebotarev density theorem there exist infinitely many primes w ∈ S l such that the map r w preserves the order of P . Hence, for those w the elementP is mapped by the composition of left vertical and lower horizontal arrows onto an element whose order is M 1 . The commutativity of (2.20) implies that
be an element which maps onto a generator of the free
There exist infinitely many primes v ∈ S l such that r v (P ) is a generator of a cyclic summand in the l-primary decomposition of the group H 1 (g v ; T l ).
3. Specification of l-adic representations .
In addition to Assumption I the representations which we consider are supposed to satisfy Assumption II stated below. In order to formulate the assumption we introduce more notation. We fix a finite extension E/Q of degree e = [E : Q] such that the Hilbert class field E H of E is contained in F. We assume that each prime l splits completely in F. Let (l) = λ 1 . . . λ e be the decomposition of the ideal (l) in O E . We also assume that O E acts on T l in such a way that T l is a free O E,l = O E ⊗ Z l module of rank h and that the action of O E,l commutes with the action of G F given by the representation ρ l . It is clear that
In addition, we denote by E λ i the completion of E at λ i and by O λ i the ring of integers in E λ i . Now, it is obvious that
Since T l has the O E,l -module structure, we can represent V l and A l as follows:
where we put
By assumptions and decomposition (3.1) it is clear that the image ρ l (G F ) of the representation ρ l is contained in the subgroup of GL d (Z/l) which consists of matrices of the form
where
Hence, we can consider the image of ρ l as a subgroup of the product
Assumption II. Let P = P(ρ) be an infinite set of prime numbers l > 3, which split completely in F and such that the l-adic representation ρ l satisfies the following conditions.
(
there exist matrices σ i , β i ∈ H i such that 1 is an eigenvalue of σ i with eigenspace of dimension 1 and 1 is not an eigenvalue of β i ,
(2) If h = 1, we require that G l = G(F l /F ) satisfies two conditions: 
where L is as above and l ∈ P, such that: (i) for every l ∈ P, the induced map
is an isomorphism or
(ii) for every l ∈ P, the map ψ L,l ⊗ Z l is an imbedding, the group B(F ) is a discrete G F -module which is divisible by l, and for every L we have:
We end this section with the examples of Mordell-Weil O E -modules related to l-adic representations which satisfy Assumptions I and II.
Example 3.3. Consider the l-adic representation
given by the cyclotomic character. In this case T l = Z l (1), V l = Q l (1) and A l = Q l /Z l (1). This representation is given by the action of G F on the Tate module of the multiplicative group scheme G m /F. Let S be any finite set of primes in O F . Denote by S l the set of primes consisting of primes in S and primes in F over l.
factors naturally through
In this case we take E = Q hence O E = Z. We take P to be the set of all prime numbers l such that G(F (µ l )/F ) is nontrivial.
Example 3.4. Let n be a positive integer. Let T l = Z l (n + 1), hence V l = Q l (n + 1) and A l = Q l /Z l (n + 1). Consider the one dimensional representation
which is given by the (n + 1)-th tensor power of the cyclotomic character. For each odd prime number l and for a finite extension L/F consider the Dwyer-Friedlander
Let C L be the subgroup of K 2n+1 (L) which is generated by the l-parts of kernels of Dwyer-Friedlander maps for all odd primes l. We define the group B(L) by putting
Note that the group C L is finite by [DF] and it should vanish if the QuillenLichtenbaum conjecture holds. Note that in this case
It follows by the definition of B(L) and surjectivity of the Dwyer-Friedlander map that
In the following three examples we discuss representations which come from Tate modules of abelian varieties. Let A/F be a simple abelian variety of dimension d over a number field F. As usual, we denote by T l = T l (A) the Tate module of A. Consider the l-adic representation
Assumption I holds due to the Weil conjectures (cf. [Sil] , pp. 132-134). Let S be the set of prime ideals of F at which A has bad reduction. By the Kummer pairing and Serre-Tate theorem ( [ST] , Th. 1, p. 493 and Corollaries 1 and 2 of Manin's Appendix II to the book [M] ) we have a natural imbedding
Example 3.5. Let A/F be a simple abelian variety with complex multiplication by a CM field E (cf. [La] ) such that E H ⊂ F, where E H is the Hilbert class field of E. We assume that CM type of A is nondegenerate (cf. Def.2.1, [BGK1] ) and defined over F . Condition (i) of Assumption II (2) holds by Theorem 2.1, [BGK1] (for CM elliptic curves it also follows by an alternative argument cf. [C-RS] , Lemma 5.1, p. 286). Condition (ii) of Assumption II (2) follows by Proposition, p. 72 of [R2] . We take P to be the set of prime numbers l which split completely in F and such that A has a good reduction at l. Example 3.6. Consider a simple, principally polarised abelian variety A/F such that E = End F (A) ⊗ Q = EndF (A) ⊗ Q (cf. [R1] and [C] ) where e = [E : Q] and 2h e = 2g with h and odd integer. In addition, we choose F to be a number field satisfying conditions indicated in the discussion which follows Theorem 3.1 of [BGK1] and such that E H ⊂ F. We take P to be the set of prime numbers l 0 which split completely in F, and such that A has good reduction at l. Hence by Theorem 3.5 of [BGK1] we get
Taking H i = Sp 2h (F l ), for all 1 ≤ i ≤ e, we observe that conditions of Assumption II (1) are fulfilled since (i)
Sp 2h (F l ) ⊂ G l , and the quotient group GSp 2h (F l )/Sp 2h (F l ) has order prime to l,
2h , in an irreducible way.
(iii) Sp 2h (F l ) modulo its center is a simple group.
has eigenvalue 1 with the eigenspace of dimension 1 where J h (1) is the h × h Jordan block matrix with 1 as the eigenvalue and β i = −I 2h ∈ Sp 2h (F l ) does not have 1 as an eigenvalue.
Observe that condition (1) (vi) of Assumption II is satisfied since obviously −I 2h ∈ Sp 2h (F l ).
There are two special cases of Example 3.6 that have been considered extensively in the past.
Example 3.7. (a) Let A/F be a simple, principally polarised abelian variety with real multiplication by a totally real field E = End F (A) ⊗ Q = EndF (A) ⊗ Q such that e = g and h = 1 (cf. [R1] ). We choose F to be such a number field that E H ⊂ F. We take P to be the set of prime numbers l which split completely in F and such that A has a good reduction at l. Theorem 5.5.2, p. 801, [R1] or Theorem 3.5 of [BGK1] implies that the image of the representationρ l contains the subgroup
Sp 2 (F l ), therefore the representationρ l satisfies Assumption II (1).
(b) Let A/F be a simple, principally polarised abelian variety with the property that EndF (A) = Z and g = dim A is odd or equal to 2 or 6. In this case E = Q hence e = 1 and h = g. By the theorem of Serre ([Se1] Th. 3) the image of the representationρ l equals GSp 2g (F l ) (hence contains Sp 2g (F l )) for almost all l. We take P to be the set of prime numbers such that the image ofρ l equals GSp 2g (F l ) and A has good reduction at l. Hence the image of the representationρ l satisfies condition (1) of Assumption II.
It is rather hard to find further examples of Mordell-Weil O E -modules satisfying condition (2)(i) of Definition 3.2. Indeed, if we concentrate on finding a MordellWeil O E -module associated to T l coming frométale cohomology of a smooth proper scheme X over F, then we should first prove Conjecture 5.3 (ii) p. 370 of [BK] , for such an X.
Key Propositions.
Definition 4.1. Let
be the map:
where P ∈ B(F ) andP is the image of P via the natural map
Remark 4.2. Note that 1 lP makes sense in J f,S l (T l ) since the last group is divisible due to Proposition 2.14. The element (1) H r (G(F l /F ); A l [l]) = 0 for r ≥ 0 and all l ∈ P, except the case of trivial
is injective for all l ∈ P. (4) Let P ∈ B(F ). If l ∈ P does not divide B(F ) tor and P / ∈ λ i B(F ) for all 1 ≤ i ≤ e, then the map φ P is surjective. 
is nontrivial and acts by matrix multiplication (actually scalar multiplication) on the Z/l vector space
vanish for s > 0, since l is odd by assumption and the order of D 0 is prime to l. Hence the claim (1) follows for h > 1. Now let h = 1. Note that G l is isomorphic to a subgroup of diagonal matrices in GL (A l 
, for all l ∈ P and d > 1. This proves (1) in the case h = 1. If
(2) By Prop. 2.14, we have the following short exact sequence:
By the long exact sequence in cohomology associated to this exact sequence and Proposition 2.16, we obtain the commutative diagram in which the horizontal maps are injections.
However, ker α = 0, since it injects into the group H 1 (G l ; A l [l]) which vanishes by part (1) of the proposition.
(3) Let us first consider the case (2) (i) of Definition 3.2. Because the map
This shows that the horizontal maps in the commutative diagram (4.6)
are isomorphisms. Since we have proved in (2) that the map α is an injection, diagram (4.6) gives the claim (3). Now consider the case (2) (ii) of Definition 3.2. We get the exact sequence of G F -modules:
This gives the following commutative diagram with injective horizontal arrows:
Since by (1) the map γ is injective for all l ∈ P, the map β is also injective for all l ∈ P.
(4) We easily check that the image of the map φ P is G F -invariant. If φ P were not surjective, then Im φ P would be a proper G F submodule of A l [l]. It is clear from the decomposition (3.1) of A l [l] and Assumption II (1) and (2) 
. . , i r ∈ {1, . . . , e}. Hence if Im φ P were a proper G F submodule, we could assume that
for some 1 ≤ i ≤ e. This implies that (4.8)
for every σ ∈ G(F /F l ). The equality (4.8) takes place in J f,S l (T l ) under the (2) (i) part of Definition 3.2 (resp. in B(F ) under the case (2) (ii) of Definition 3.2) and it implies that (4.9) σ(π 1 . .
for every σ ∈ G(F /F l ). Hence by Proposition 2.16 (2) (resp. by Def. 3.2, of the
.). By parts (2) and (3) of the Proposition (see also the diagram (4.6)) this implies π 1 . . . π i−1 π i+1 . . . π eP = 0 in the group B(F )/lB(F ) in both cases. Hence there is P 1 ∈ B(F ) such that π 1 . . . π i−1 π i+1 . . . π eP = lP 1 . This gives the equality
Multiplying equation (4.11) by π i we obtain the equality l(P − π i P 2 ) = 0 in the group B(F ). Since, by assumption, B(F ) l = 0 we get P = π i P 2 , hence P ∈ λ i B(F ) which contradicts the assumptions.
For a given l letρ i denote the representation:
Similarly to the definition of F l we put F i =F kerρ i . In analogy with the Definition 4.1 we introduce a homomorphism
Proposition 4.12. We have the following properties.
is injective for all l ∈ P and 1 ≤ i ≤ e. (4) Let P ∈ B(F ). If l ∈ P does not divide B(F ) tor and P / ∈ λ i B(F ), then the map φ i is surjective.
Proof. Proofs of (1), (2), and (3) are done in the same way as the corresponding proofs in Proposition 4.3. Statement (4) holds because φ i is obviously G F equivariant, φ i is nontrivial since P / ∈ λ i B(F ), and
Let P, Q be two nontorsion elements of the group B(F ). Let S l be the finite set of primes which contains primes for which ρ l is ramified and primes over l. For v ∈ S l let
denote the reduction map at a prime ideal v of O F . We will investigate the linear dependence of P and Q over O E in B(F ) under some local conditions for the maps r v , (see statement of Theorem 5.1 below). We need some additional notation. Let P * be the set of rational primes l ∈ P such that P / ∈ λ i B(F ) and Q / ∈ λ i B(F ) for all 1 ≤ i ≤ e. The set P \ P * is finite, since B(F ) is finitely generated O E -module. LetR ∈ J f,S l (T l ) be such that lR =P . The elementR exists by Proposition 2.14 . The Galois group G F l acts on the set
which is contained in J f,S l (T l ). Let N P ⊂ G F l be the kernel of this action. Note that N P is a normal subgroup of G F l of finite index. Define the field
are Galois extensions and we have isomorphisms
By Proposition 4.3 (4) the group H 1 ( H 2 , respectively) can be identified with A l [l] via the map φ Q ( φ P , resp.). Put K = F l ( All fields introduced above are displayed in the diagram below.
(4.13)
Similarly, letR i ∈ J f,S l (T l ) be such that π iRi =P . The elementR i exists by Proposition 2.14. The Galois group G F i acts on the set
which is contained in J f,S l (T l ). Let N i ⊂ G F i be the kernel of this action. Note that N i is a normal subgroup of G F i of finite index. Define the field
) denote the corresponding field defined in the same way for Q. Observe that
)/F are Galois extensions and there are isomorphisms
By Proposition 4.12 (4) the group H 1,i ( H 2,i , respectively) can be identified with
Fields introduced above are displayed in the left diagram below. In the right diagram we depicted the relevant prime ideals that will be used in the proof of Theorem 5.1 below.
(4.14)
Remark 4.15. Observe that
In addition there is an equality
since by Proposition 4.12 (4) there are [F i (
Hence from the diagram (4.14) we find out that F (R i ) ∩ F i = F.
5. The support problem for l-adic representations.
Theorem 5.1. Let P * be the infinite set of prime numbers introduced after the proof of Prop.4.12. Assume that for every l ∈ P * the following condition holds in the group H 1 (g v ; T l ).
For every integer m and for almost every v ∈ S l m r v (P ) = 0 implies m r v (Q) = 0.
Then there exist a ∈ Z and f ∈ O E such that aP + f Q = 0 in B(F ).
Lemma 5.2. Let H 1,i and H 2,i be two h-dimensional F l -vector spaces equipped with the natural action of the group
is not an eigenvalue of the matrix σ i .
Proof. cf. [C-RS] , Lemma 4.2.
Remark 5.3. Observe, that by Assumption II, for every 1 ≤ i ≤ e and every l ∈ P there exists a matrix σ i ∈ G i , such that 1 is an eigenvalue of σ i with an eigenspace of dimension 1.
Proof of Theorem 5.1. We want to prove that
Hence it is enough to prove that for each 1 ≤ i ≤ e we have (5.5)
Suppose this is false for some i. Then we observe that
We need the following result.
Lemma 5.7. We have the following equality
Proof. By (5.6) the group G(
j=1,j =i GL 1 (Z/l) has order relatively prime to l and it is clear that
Now assume that h > 1. We observe that e j=1,j =i
hence by Assumption II (1) 
is abelian with order equal to some power of l. On the other hand
ab , which has order prime to l. This implies that the group
Let us now return to the proof of Theorem 5.1. Consider the following tower of fields.
(5.8)
We can regard G l = G(F l /F ) as the subgroup of e j=1 GL h (F l ). Let us pick σ l ∈ G l such that σ l |F i = σ i and σ l |F j = β j for all j = i. Such a σ l exists by Assumption II (1) (iv). Note that σ l considered as a linear operator on the F l vector space A l [l] has an eigenvalue 1 with the eigenspace of dimension 1. Let h 1 ∈ H 1,i be an arbitrary element. Let us pick an element of G(K i /F i ) ∼ = H 1,i ⊕ H 2,i such that its projection onto H 1,i is h 1 and its projection onto H 2,i is a trivial element. We denote this element as (h 1 , 0). Taking into account Lemma 5.7, Remark 4.15 and the isomorphism of Galois groups Gal(
and γ|F l = σ l . By Chebotarev density theorem there exists a primew of K i F l suchLet t v = l m denote the order of the finite cyclic group
Let F r w ∈ G(K i /F ) be an element of the conjugacy class of the Frobenius element of w over v. Observe that
On the other hand
Equations (5.17) and (5.18) show that r w (P 0 ) = 0. This by Lemma 2.13 implies
is conjugate to F r w = (0, h 2 , τ i ) for some h 2 ∈ H 2,i and τ i ∈ G i . Lemma 5.2 implies that no eigenvalue of σ i is equal to 1. This contradicts the properties of σ i (cf. Assumption II). So we proved that the equality (5.5), and consequently the equality (5.4), holds. Equality (5.4) shows that ker φ P = ker φ Q , which gives the following commutative diagram (5.19)
with ψ a G l -equivariant map. Hence due to Assumption II (1) (v) and (2) (ii) (observe that (2) (ii) implies that the centralizer of G l in the group
, it is clear, that ψ as a linear operator is represented by a block matrix of the form
j=1 Z/l via this isomorphism. So diagram (5.19) implies that φ P = b φ Q , hence φ P −bQ is a trivial map. On the other hand the natural map
(where φ X is the map from Def. 4.1) is an injection since it can be expressed as a composition of the injective map from Proposition 4.3 (3) and the bottom horizontal, injective maps from diagrams: (4.5), (4.6) and (4.7). Hence P = bQ in B(F )/lB(F ). So the image of P in
is contained in the group lB 0 for all primes l ∈ P * . Since by our assumption B(F ) and therefore B 0 are finitely generated, we conclude that l∈P * lB 0 is finite. Hence aP = bQ for some a ∈ Z − {0} and b ∈ O E . For f = −b we obtain aP + f Q = 0.
Applications.
In this section we give applications of Theorem 5.1 to the l-adic representations which were already discussed in Examples 3.3 -3.7 .
The cyclotomic character. Consider the cyclotomic character
There is a commutative diagram.
where the left vertical arrow factors as:
This map has finite kernel with order prime to l. Diagram (6.1) and Theorem 5.1 applied to ρ l imply the following corollary.
Corollary 6.2. Let P, Q be two nontorsion elements of the group O × F,S . Assume that for almost every v and every integer m the following condition holds
Then there exist a, f ∈ Z − {0} such that
K-theory of number fields. Let n be a positive integer. Consider the one dimensional representation
which is given by the (n + 1)-th tensor power of the cyclotomic character. We use the notation of Example 3.4. We have the following commutative diagram.
(6.3)
Note that in this case
(G F ; Z l (n + 1)) and K 2n+1 (k v ) l ∼ = H 1 (g v ; Z l (n + 1)) ∼ = H 0 (g v ; Q l /Z l (n + 1)).
It follows by the definition of B(L) that
Hence as a consequence of Theorem 5.1 we get the following corollary (cf. [BGK] ):
Corollary 6.4. Let P, Q be two nontorsion elements of the group K 2n+1 (F ). Assume that for almost every v and every integer m the following condition holds
Then the elements P and Q of K 2n+1 (F ) are linearly dependent over Z. defined on the integral homology of the K-theory spectrum K(O F ).
Corollary 6.5. Let P , Q be two nontorsion elements of the group H 2n+1 (K(O F ); Z). Assume that for almost every prime ideal v and for every integer m the following condition holds in H 2n+1 (SL(k v ); Z) : mr v (P ) = 0 implies mr v (Q ) = 0.
Then the elements P and Q are linearly dependent in the group H 2n+1 (K(O F ); Z).
Proof. Consider the following commutative diagram.
(6.6)
The horizontal maps in the diagram (6.6) are induced by the reductions at prime ideals of O F . The vertical maps are the Hurewicz maps from K-theory to the integral homology of the special linear group. Since the rational Hurewicz map
is an isomorphism cf. [Bo] , we can find c, d ∈ Z and nontorsion elements P, Q ∈ K 2n+1 (O F ), such that (6.7) h F (P ) = cP and h F (Q) = dQ .
Hence we can check that for every prime ideal v the image of the reduction map r v is contained in the torsion subgroup of H 2n+1 (SL(k v ); Z). It follows by [A] that kernels of the Hurewicz maps h F and h v , for any v, are finite groups of exponents which are divisible only by primes smaller than the number n+1 2
. Let P * be the set of all prime numbers l which are bigger than n+1 2 and relatively prime to cd C F . Let l ∈ P * . Consider the following diagram obtained from (6.6).
(6.8)
To simplify notation we keep denoting the Hurewicz maps and the reduction maps in (6.8) by the same symbols as in the diagram (6.6). LetP (Q resp.) denote as before the image of P (Q resp.) via the map
Let S l denote the finite set of primes of O F which are over l. Let v ∈ S l and assume that mr v (P ) = 0 in the group K 2n+1 (k v ) l ∼ = H 1 (g v ; Z l (n+1)). Since r v (P ) = r v (P ), it follows by the diagram (6.8) that 0 = mh v (r v (P )) = mr v h F (P )) = c mr v (P ) in the group H 2n+1 (SL(k v ); Z) l . Since c is relatively prime to l, the last equality implies that mr v (P ) = 0.
Since r v (P ) ∈ H 2n+1 (SL(k v ); Z) tor , there is a natural number m 0 which is prime to l and such that Since by the choice of l the map h v in the diagram (6.8) is injective, for v ∈ S l , from the last equality we obtain the following:
Thus we have checked that the elementsP andQ satisfy the assumption of Theorem 5.1. Hence by Theorem 5.1, there are a, b ∈ Z such that (6.9) aP = bQ.
in the group K 2n+1 (O F ). Applying h F to equality (6.9) and using (6.7) we get acP = bdQ .
Abelian varieties. Let A/F be a simple abelian variety of dimension g defined over the number field F. As usual T l = T l (A) denotes the Tate module of A. Consider the l-adic representation ρ l : G F → GL(T l (A)).
We follow the notation introduced in Examples 3.5 -3.7. For any abelian variety A/F there is the following commutative diagram (6.10)
